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Classical decomposition model

• Data is a time series X = (Xt, t ∈ Z) with

Xt = mt + st + Yt, t ∈ Z

• Assume we have observed Xn = (X1, . . . , Xn)
• the trend component m : Z→ R is a slowly changing function
• the seasonal component s : Z→ R is a function with period d, i.e.,
st+d = st

• Y = (Yt, t ∈ Z) is a zero mean stationary time series
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Let x = (xt)205
t=1 be the monthly observations of the Australian Trade

Weighted Index (ATWI).
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(a) Monthly observations of the ATWI.
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(b) ACF of raw ATWI data.
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Let the set (xt)42
t=1 be the quarterly earnings of H&M.
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(a) Quarterly earnings of H&M from
January 2006 through April 2016.
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the H&M data.
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Estimation of trend by a moving average filter

• trend only: st = 0∀t ∈ Z

• q ∈ N with 2q < n fixed
• two-sided moving average: Wt := (2q + 1)−1 ∑q

j=−q Xt−j for all
t = q + 1, . . . , n− q

• Wt = (2q + 1)−1 ∑q
j=−q mt−j + (2q + 1)−1 ∑q

j=−q Yt−j ≈ mt

• m̂t := (2q + 1)−1 ∑q
j=−q Xt−j for q + 1 ≤ t ≤ n− q
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Figure: Moving average trends. 6



Estimation of trend by exponential smoothing

• trend only: st = 0∀t ∈ Z

• for α ∈ [0, 1] define one-sided moving averages (m̂t, t = 1, . . . , n) by

m̂t := αXt + (1− α)m̂t−1

for t = 2, . . . , n and
m̂1 := X1.

• for t ≥ 2:

m̂t =
t−2∑
j=0

α(1− α)jXt−j + (1− α)t−1X1,

7



20 40 60 80 100 120 140 160 180 200

month

45

50

55

60

65

70

75

80

85

90

95

A
T

W
I

 = 0.05
 = 0.25
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Estimation of trend and seasonality by linear least squares

Let m be given by mt :=
∑q

j=0 ajt
j for t ∈ Z, q ∈ N. Let s with known

period d be given by st :=
∑p

k=0 bk cos(2πλkt/d) + ck sin(2πλkt/d) for
t ∈ Z, p ∈ N and some known coefficients (λj)p

j=1 ⊂ N.

(aj)q
j=1, (bj)p

j=1 and (cj)p
j=1 are obtained by

arg min
aj ,bk,ck

n∑
t=1

(Xt −mt − st)2,

The design matrix:

C :=


1 · · · 1q cos(2πλ1/d) · · · cos(2πλp/d) sin(2πλ1/d) · · · sin(2πλp/d)

...
1 · · · tq cos(2πλ1t/d) · · · cos(2πλpt/d) sin(2πλ1t/d) · · · sin(2πλpt/d)

...
1 · · · nq cos(2πλ1n/d) · · · cos(2πλpn/d) sin(2πλ1n/d) · · · sin(2πλpn/d)


If C ′C is non-singular, then the minimum is given by

(â0, â1, . . . , âq, b̂1, . . . , b̂p, ĉ1, . . . , ĉp)′ = (C ′C)−1C ′X, where
X = (X1, X2, . . . , Xn)′.
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Figure: Trend estimation by linear least squares. 10



Estimation of trend and seasonality by moving averages

• Assume n/d ∈ N
• For even d = 2q and q < t ≤ n− q

m̂t := d−1(2−1xt−q + xt−q+1 + · · ·+ xt+q−1 + 2−1xt+q)

• For an odd period d = 2q + 1 and q < t ≤ n− q

m̂t := d−1
q∑

j=−q

xt−j .

• for k = 1, . . . , d and q < k + jd ≤ n− q

wk := |{j ∈ N0, q < k+jd ≤ n−q}|−1
∑

q<k+jd≤n−q

(xk+jd−m̂k+jd),

• ŝk := wk − d−1 ∑d
j=1 wj , extend it and reestimate trend on

(xt − ŝt, t = 1, . . . , n)
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Figure: The H&M data (stars) with an estimated linear trend and seasonal
component with period 4, m̂t + ŝt (line). 12



Elimination of trend and seasonality by differencing

• Recall: Xt = mt + st + Yt, t ∈ Z

• BXt := Xt−1 and BjXt := Bj−1BXt = Bj−1Xt−1 = · · · = Xt−j

• ∇Xt := Xt −Xt−1 = (1−B)Xt

• Trend:
• If mt :=

∑q

j=0 ajtj then ∇qmt = q! aq

• For s = 0, ∇qXt = q! aq +∇qYt

• ∇dXt := Xt −Xt−d = (1−Bd)Xt

• Seasonality:
• ∇dXt = mt −mt−d + st − st−d + Yt − Yt−d = ∇dmt +∇dYt
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(a) Monthly observations of the ATWI.
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(b) Log-returns of the ATWI.
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Forecasting a differenced time series

• Suppose ∇N∇M
d Xt = Ỹt where Ỹ = (Ỹt, t ∈ Z) is stationary so

Ỹt = ∇N∇M
d Xt = (1−B)N (1−Bd)MXt

=
N+Md∑

k=0
bkB

kXt =
N+Md∑

k=0
bkXt−k

• Xn+h = Ỹn+h −
∑N+Md

k=1 bkXn+h−k

• Observations Xn+N+Md := (X−N−Md+1, . . . , Xn) and
Ỹ n := (Ỹ1, . . . , Ỹn)

• If X−N−Md+1, . . . , X0 are uncorrelated with Ỹ n then

b`
n+h(Xn+N+Md) = b`

n+h(Ỹ n)−
N+Md∑

k=1
bkb

`
n+h−k(Xn+N+Md).

• b`
n+h−k(Xn+N+Md) = Xn+h−k if h ≤ k
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